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a b s t r a c t
Let X = Spec(A) be a smooth, affine variety of dimension n ≥ 2 over the field R of
real numbers. Let P be a projective A-module of rank n such that its nth Chern class
Cn(P) ∈ CH0(X) is zero. In this set-up, Bhatwadekar–Das–Mandal showed (amongst many
other results) that P ' A ⊕ Q in the case that either n is odd or the topological space
X(R) of real points of X does not have a compact, connected component. In this paper, we
prove that similar results hold for smooth, affine varieties over an Archimedean real closed
field R.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2 over a field k and let P be a projective A-module of rank n.
It is well known that in general P may not split off a free summand of rank one. Hence, it is of interest to find sufficient
conditions for this to happen. When k is an algebraically closed field, a result of Murthy [1, Theorem 3.8] says that if the top
Chern class Cn(P) in CH0(X) is zero, then P splits off a free summand of rank one (i.e. P ' A⊕ Q ). Note that over any base
field, the vanishing of the top Chern class is a necessary condition for P to split off a free summand of rank one. However,
the example of the tangent bundle of an even dimensional sphere shows that this condition is not sufficient. Therefore, it
is natural to ask: under what further conditions Cn(P) = 0 ?⇒ P ' A ⊕ Q . In the case k = R, this question was initially
investigated in [2] and brought to a satisfactory conclusion in [3], e.g. it has been shown (amongst many other results) in [3,
Theorem 4.30] that when n is odd, then Cn(P) = 0 implies that P ' A ⊕ Q . Moreover it is also shown that in the case n is
even, ∧n(P) 6' KA, then Cn(P) = 0 is a sufficient condition for P to have a free summand of rank one, where KA denotes the
canonical module of A over R. In this paper we extend these results to the case when the base field k is an Archimedean real
closed field. More precisely, we prove:
Theorem 1.1. Let R be an Archimedean real closed field. Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2 over R.
Let X(R) denote the R-rational points of the variety. Let K denote the canonical module∧n(Ω∗A/R). Let P be a projective A-module
of rank n and let ∧n(P) = L. Assume that Cn(P) = 0 in CH0(X). Then P ' A⊕ Q in the following cases:
1. X(R) has no closed and bounded semi-algebraically connected component.
2. For every closed and bounded semi-algebraically connected component W of X(R), LW 6' KW where KW and LW denote
restriction of (induced) line bundles on X(R) to W.
3. n is odd.
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Moreover, if n is even and L is a rank 1 projective A-module such that there exists a closed and bounded semi-algebraically
connected component W of X(R)with the property that LW ' KW , then there exists a projective A-module P of rank n such that
P ⊕ A ' L⊕ An−1 ⊕ A (hence Cn(P) = 0) but P does not have a free summand of rank 1.
Note that when the base field is R, the semi-algebraically connected semi-algebraic components are the connected
components of X(R) in the Euclidean topology.
We thank the referee for pointing out an error in the proof of (3.1) in an earlier version and suggesting a way to correct it.
2. Preliminaries
The first part can be looked upon as a quick reference guide to the theory of real closed fields and the topological notions
related to them. More details can be found in [4].
Definition 2.1. A field R is said to be real if it can be ordered in a way such that addition and multiplication are compatible
with the ordering. An equivalent definition is that
∑n
i=1 a
2
i = 0 ⇒ ai = 0∀i. A real closed field is a real field which has no
algebraic extensions which are real, equivalently attaching a root of−1 makes it algebraically closed.
Such fields come with a natural topology based on intervals like in the case of R. However, under this topology, the field
itself is not connected (except in the case of R).
Definition 2.2. A subset V of Rn is called a basic semi-algebraic set if V is of the form
{x ∈ Rn | fi(x) = 0, gj(x) > 0, 1 ≤ i ≤ r, 1 ≤ j ≤ s},
where fi(x), gj(x) ∈ R[X1, X2, . . . , Xn]. A subset W of Rn is called a semi-algebraic set if W is a finite union of basic semi-
algebraic sets.
A semi-algebraic subsetW ofRn is semi-algebraically connected if for every pair of disjoint, closed, semi-algebraic subsets
F1 and F2 ofW , satisfying F1 ∪ F2 = W , either F1 = W or F2 = W .
Now we quote a result, the proof of which can be found in [4, Theorem 2.4.4].
Theorem 2.3. Every semi-algebraic subset W of Rl is the disjoint union of a finite number of semi-algebraically connected semi-
algebraic subsets W1,W2, . . . ,Ws which are closed in W. The W1,W2, . . . ,Ws are called the semi-algebraically connected
semi-algebraic components of W.
Remark 2.4. When the field is R, the semi-algebraically connected semi-algebraic components are same as the connected
components by [4, Theorem 2.4.5].
Let R ↪→ R′ be real closed fields. Let X = Spec(A) be a smooth affine variety over R and let X(R) denote the set of
R-rational points of X . Let A′ = A⊗R R′ and let X ′ = Spec(A′) be the corresponding (smooth) affine variety over R′. Note
that, fixing a closed embedding of X(R) in Rl (for suitable l), we can regard the topological space X(R) as a subspace of X(R′).
LetW ′1,W
′
2, . . . ,W
′
s be the semi-algebraically connected semi-algebraic components of X(R
′). LetWi = W ′i ∩ X(R). Then,
W1,W2, . . . ,Ws are precisely the semi-algebraically connected semi-algebraic components of X(R) (for a proof of a more
general result see [4, Proposition 5.3.6]). Note thatW ′i is closed and bounded if and only ifWi is closed and bounded.
Now we state the Artin–Lang homomorphism theorem [4, Thm. 4.1.2].
Theorem 2.5. Let A be a finite typeR-algebra. If there exists anR-algebra homomorphismφ : A→ R′ into a real closed extension
R′ of R, then there exists an R-algebra homomorphism ψ : A→ R.
In particular, if A is an R-subalgebra of R′, then we get a retraction from A to R.
Tomake the paper self-contained, we define the Euler Class Group. Once again, more details can be obtained in either [3]
or [5].
Definition 2.6. Definition of E(A, L) and E0(A, L)
Let A be a ring of dimension n ≥ 2 and let L be a projective A-module of rank 1. Write F = L⊕ An−1. Let J ⊂ A be an ideal
of height n such that J/J2 is generated by n elements. Two surjections α, β from F/JF to J/J2 are said to be related if there
exists σ ∈ SLA/J(F/JF) such thatασ = β . Clearly this is an equivalence relation on the set of surjections from F/JF to J/J2. Let
[α] denote the equivalence class of α. Such an equivalence class [α] is called a local L-orientation of J . By abuse of notation,
we shall identify an equivalence class [α] with α. A local L-orientation α is called a global L-orientation if α : F/JF  J/J2
can be lifted to a surjection θ : F  J .
Let G be the free abelian group on the set of pairs (N , ωN ) where N is anM-primary ideal for some maximal idealM
of height n such that N /N 2 is generated by n elements and ωN is a local L-orientation of N . Now let J ⊂ A be an ideal of
height n such that J/J2 is generated by n elements and ωJ be a local L-orientation of J . Let J = ∩iNi be the (irredundant)
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primary decomposition of J . We associate to the pair (J, ωJ), the element
∑
i(Ni, ωNi) of GwhereωNi is the local orientation
ofNi induced by ωJ . By abuse of notation, we denote
∑
i(Ni, ωNi) by (J, ωJ).
Let H be the subgroup of G generated by the set of pairs (J, ωJ), where J is an ideal of height n and ωJ is a global L-
orientation of J .The Euler class group of Awith respect to L is E(A, L) def= G/H . We write E(A) for E(A, A).
Further, let G0 be the free abelian group on the set (N ) where N is anM-primary ideal for some maximal idealM of
height n such that N /N 2 is generated by n elements. Let J ⊂ A be an ideal of height n such that J/J2 is generated by n
elements. Let J = ∩iNi be the (irredundant) primary decomposition of J . Let (J) denote the element∑i(Ni) of G0. Let H0 be
the subgroup of G0 generated by elements of the type (J), where J is an ideal of height n such that there exists a surjection
α : L ⊕ An−1  J . Then, E0(A, L) def= G0/H0. From the definitions of E(A, L) and E0(A, L), it is clear that there is a canonical
surjection from E(A, L)  E0(A, L).
Now let P be a projective A-module of rank n such that L ' ∧n(P) and let χ : L '→ ∧n P be an isomorphism. Let
ϕ : P  J be a surjection where J is an ideal of height n. Therefore we obtain an induced surjection ϕ : P/JP  J/J2.
Let γ : L/JL ⊕ (A/J)n−1 ' P/JP be an isomorphism such that ∧n(γ ) = χ . Let ωJ be the local L-orientation of J given by
ϕ ◦ γ : L/JL⊕ (A/J)n−1  J/J2. Let e(P, χ) be the image in E(A, L) of the element (J, ωJ) of G. The assignment sending the
pair (P, χ) to the element e(P, χ) of E(A, L) is well defined. The Euler class of (P, χ) is defined to be e(P, χ).
We note that for an affine ring over a real closed field R, a maximal ideal m of A is called real if A/m ' R. Now we state a
few results for later use.
We begin with a lemma which can be easily deduced from the Eisenbud–Evans theorem as stated in [6, pg. 1420].
Lemma 2.7. Let R be a Noetherian ring and let K be a proper ideal of height d such that K/K 2 is generated by d elements. Then
we can choose g1, . . . , gd which are generators of K/K 2 and ht.(g1, . . . , gd−1) = d− 1.
Proof. Choose f1, . . . , fd which generate K/K 2. Then, (f1, . . . , fd) + K 2 = K . Hence, there exists e ∈ K 2 such that
(f1, . . . , fd, e) = K . Since ht.(K) = ht.(f1, . . . , fd, e) = d, by the Eisenbud–Evans theorem, there exists c1, c2, . . . , cd such
that ht.(f1 + c1e, . . . , fd + cde) = d. Let f ′i = fi + cie. Again, using the Eisenbud–Evans theorem, there is a b1, b2, . . . , bd−1
such that if gi = f ′i + bif ′d , then ht.(g1, . . . , gd−1) = d− 1. Let gd = f ′d . Then (g1, . . . , gd, e) = K . 
As an application, we deduce the following:
Lemma 2.8. Let A be a smooth, affine domain over a real closed field R and let I be a proper ideal of height n ≥ 2 such that I/I2
is generated by n elements and I is not contained in any real maximal ideal of A. Then there exists {a1, a2, . . . , an−1} ⊂ I such
that
1. ht.(a1, a2, . . . , an−1) = n− 1.
2. (a1, a2, . . . , an−1) is not contained in any real maximal ideal of A.
3. I/(a1, a2, . . . , an−1) is an invertible ideal in A/(a1, a2, . . . , an−1)
Proof. Let b1, b2, . . . , bn be elements of I which generate I/I2. Then (b1, b2, . . . , bn)+ I2 = I . Since I does not belong to any
real maximal ideal, we can find an element b ∈ I which does not belong to any real maximal ideal. By [2, Lemma 4.1] (which
is true for any real closed field), there exists c ∈ A such that the element a1 = b1+ cb2 does not belong to any real maximal
ideal of A. Let R = A/(a1) and let K = I/(a1). Then ht.(K) = n−1 and as (a1, b2, . . . , bn)+ I2 = I , K/K 2 is generated by n−1
elements. Therefore, by (2.7), there exist a2, . . . , an ∈ I such that ht.(a2, . . . , an−1) = n−2 and (a2, . . . , an−1, an)+K 2 = K .
Hence, ht.(a1, a2, . . . , an−1) = n− 1 and (a1, a2, . . . , an−1, an)+ I2 = I . Further, (a1, a2, . . . , an−1) is not contained in any
real maximal ideal of A.
Now note that A/(a1, a2, . . . , an−1) is Cohen–Macaulay (since it is a quotient of a regular ring by a complete intersection),
I/(a1, a2, . . . , an−1) has height 1 and is locally generated by an. Hence, I/(a1, a2, . . . , an−1) is an invertible ideal. This
completes the proof of the lemma. 
The proof of the following lemma is exactly same as [3, Lemma 4.28] when R = R.
Lemma 2.9. Let B be an affine ring of dimension 1 over a real closed field R such that B does not have any real maximal ideal. Let
L1 be a projective B-module of rank 1 and let J be an invertible ideal of B. Then for any positive integer r there exists an invertible
ideal J1 of B such that J + J1 = B and L1 ' J ∩ J1r .
The following result is proved in [5, Lemma 5.4].
Lemma 2.10. Let A be a Noetherian ring of dimension n ≥ 2. Let J ⊂ A be an ideal of height n and ωJ be a local L-orientation of
J . Let a ∈ A/J be a unit. Then (J, ωJ) = (J, a2ωJ) in E(A, L).
We conclude this section by stating a result of Bhatwadekar–Raja Sridharan which is crucial for the results to follow [5,
Corollary 4.4].
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Theorem 2.11. Let A be a ring of dimension n ≥ 2 containing the fieldQ of rationals. Let L be a projective A-module of rank 1 and
P be a projective A-module of rank n with L ' ∧n(P). Let χ : L '→ ∧n P be an isomorphism. Let J ⊂ A be an ideal of height n
and ωJ be a local L-orientation of J . Then,
1. Suppose that the image of (J, ωJ) is zero in E(A, L). Then there exists a surjection α : L⊕ An−1  J such that ωJ is induced by
α (in other words, ωJ is a global L-orientation).
2. P ' Q ⊕ A for some projective A-module Q of rank n− 1 if and only if e(P, χ) = 0 in E(A, L).
3. Structure of the Euler class group
We give the set-up which will be used subsequently:
Let R be a real closed field. Let X = Spec(A) be an affine variety of dimension n ≥ 2 over R. Let X(R) denote the set
of the real maximal ideals of A (the set of R-rational points of X). Let R(X) denote the localization of A with respect to the
multiplicatively closed subset of A consisting of all elements which do not belong to any real maximal ideal. Note that since
R is real closed, X(R) can be thought of as the set of maximal ideals of R(X). Moreover, by [4, Theorem 4.4.5], R(X) = S−1A (A),
where SA = {1+∑pi=1 f 2i | f1, f2, . . . , fp ∈ A}.
For a finitely generated projective A-module of rank 1, L, we denote LX = L⊗A R(X). Throughout this paper, we assume
that X(R) is not empty.
Now let X be smooth. The group of zero cycles of X modulo rational equivalence will be denoted by CH0(X). Recall that if
I is an ideal in A of height n such that I/I2 is generated by n elements, then [I] denotes the cycle associated to A/I in CH0(X)
and (I) denotes an element of E0(A, L) associated to I .
From the definition of CH0(X), it is clear that there exists a natural surjection E0(A, L)  CH0(X). Then, the induced map
ΘL : E(A, L)  CH0(X) has the property that if P is a projective A-module of rank n with an isomorphism χ : ∧n(P) ' L,
thenΘL(e(P, χ)) = Cn(P), where Cn(P) denotes the nth Chern class of P (which is an element of CH0(X)). Therefore, in view
of (2.11), in order to conclude that P ' A⊕Q given Cn(P) = 0, it is enough to prove that e(P, χ) = 0 for some χ , and hence
computation of the Euler class group E(A, L) is crucial.
Further, there exists a natural surjection ΓL : E(A, L)  E(R(X), LX ). Note that by [3, Lemma 2.7], it can be shown that
every element of ker(γL) is of the form (I, ωI)where I is an ideal of height n not contained in any real maximal ideal and ωI
is a local L-orientation. Hence, we denote ker(γL) by ER¯(L) where R¯ denotes the algebraic closure of R. We first show that
ER¯(L) is a torsion-free and divisible group, and hence E(A, L) ' E(R(X), LX )⊕ ER¯(L).
Let AR¯ = A⊗R R¯ and Y = Spec(AR¯). Then AR¯ is a smooth affine R¯-algebra of dimension n ≥ 2 and hence CH0(Y ) is a
divisible group. Letpi : Y → X be the canonicalmap. Note thatpi is a finitemorphism and it induces group homomorphisms
pi∗ : CH0(X) → CH0(Y ) and pi∗ : CH0(Y ) → CH0(X) such that the composition pi∗pi∗ is multiplication by 2. Let
G = pi∗(CH0(Y )). Then, G is torsion-free and divisible (see [3, Lemma 4.25] for a proof). Therefore, it suffices to show that
ER¯(L) ' G. In view of the description of the elements of ER¯(L), it is easy to see that the image of ER¯(L) under the map
ΘL : E(A, L)→ CH0(X) is contained in G and therefore it suffices to prove the following proposition.
Proposition 3.1. (ΘL)|(ER¯(L)) is an isomorphism with image G.
Remark 3.2. This proposition has been proved in [3] in the case R = R. The proof in [3] depends on two key results namely
(i) E0(A, L) ' CH0(X) and (ii) the topological result that every topological line bundle is 2-torsion on a real manifold. Though
our proof is on similar lines, we circumvent these results. More precisely, we do not use (i), and instead of (ii), we prove that
any rank1 projective module over R(X) is 2-torsion.
Proof. We first prove that themap ER¯(L)→ G is injective. Let x = (I, ωI) ∈ ER¯(L) be such thatΘL((I, ωI)) = 0where I is an
ideal of A of height n contained in only non-real maximal ideals. First note that since I is contained in only non-real maximal
ideals, every unit of A/I is a square. Therefore, in view of (2.10), in order to prove that (I, ωI) = 0 in E(A, L) it is enough to
show that there is a surjection α : L⊕ An−1  I .
Since I is not contained in any real maximal ideals and I/I2 is generated by n elements, using (2.8) we obtain
{a1, . . . , an−1} ⊂ I such that (a1, a2, . . . , an−1) is not contained in any real maximal ideal of A, I/(a1, a2, . . . , an−1) is an
invertible ideal in A/(a1, a2, . . . , an−1) and ht.(a1, a2, . . . , an−1) = n− 1.
Let B = A/(a1, . . . an−1) and J = I/(a1, . . . an−1). Then B is an affine ring of dimension 1 over R which does not have
any real maximal ideal and J is an invertible ideal of B. Hence, letting r = 2(n − 1)!, Lemma 2.9 gives an invertible ideal J1
of B such that J + J1 = B and J ∩ J1r is a surjective image of L⊗A B. Let I1 be an ideal of A such that (a1, . . . an−1) ⊂ I1
and I1/(a1, . . . an−1) = J1. Let I1(r) = (a1, . . . an−1) + I1r . From construction it is clear that there exists a surjection
β : L ⊕ An−1  I ∩ I1(r). Thus, the class corresponding to I ∩ I1(r) is 0 in E(A, L). Hence, if we can prove that there is a
surjection L⊕ An−1  I1(r), then we are done.
Now, we know that ΘL((I, ωI)) = [I] = 0 and note that the image of (I ∩ I1(r), ∗) under ΘL is also 0. Hence, [I1(r)] = 0.
But, as I1 is contained only in non-real maximal ideals, [I1] also lies in G, and [I1(r)] = r[I1] and so r[I1] = 0. Since G is
torsion-free, [I1] = 0.
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By [7, Theorem4.1], we obtain that (n−1)!(I1) = (I1((n−1)!)) = 0 in E0(A). Now by [3, Lemma 3.6] and [3, Proposition 3.7],
we have a natural map E0(A, L)→ E(A, L) so that (I1((n−1)!)) 7→ (I1(2(n−1)!), ∗) where ∗ denotes an orientation of I1(2(n−1)!).
Recall that r = 2(n− 1)!. Hence, (I1(r), ∗) = 0 in E(A, L), which means ∃L⊕ An−1  I1(r). Hence we have proved injectivity.
Surjectivity follows by imitating proofs of [3, Lemma 4.2] and [3, Lemma 4.26] once we show that if Z = Spec(B) is a
smooth, affine domain of dimension 1 over R and n is a maximal ideal of R(Z), then n2 is a principal ideal. The next result
shows that indeed such is the case. This completes the proof of the isomorphism. 
Proposition 3.3. Let R be a real closed field and let Z = Spec(B) be an affine algebra over R. Let E be a finitely generated
projective module of rank 1 over R(Z). Then, E⊗R(Z) E ∼→ R(Z).
Thus, the group of rank one projective R(Z)-modules is 2-torsion.
Proof. We first note that if R is a ring and m is a maximal ideal of R such that R/m is a real field, then
∑n
i=1 a
2
i ∈ m implies
that
∑n
i=1 a¯i
2 = 0 in R/m⇒ a¯i = 0 ∀i⇒ ai ∈ m ∀i. Thus,∑ni=1 a2i ∈ m =⇒ ai ∈ m ∀i.
Let (e1, e2, . . . , en) be a set of generators for E. We claim that e = ∑ni=1 ei ⊗ ei generates E⊗R(Z) E. To check this, it
is enough to check it in every localization at a maximal ideal. All maximal ideals are real. Let m be one such. Then Em
is a free module of rank 1, hence generated by ei for some i, 1 ≤ i ≤ n. Without loss of generality, we assume that
it is generated by e1. Then, Em⊗R(Z)m Em is generated by e1 ⊗ e1. Further, ei = aie1, ai ∈ R(Z)m and a1 = 1. Then,
e = ∑ni=1 ei ⊗ ei = (∑ni=1 a2i )(e1 ⊗ e1). Since 1 = a1 and the residue field of the local ring is R,∑ni=1 a2i is a unit in
R(Z)m. Thus, Em⊗R(Z)m Em is generated by e =
∑n
i=1 ei ⊗ ei. Thus, we see that E⊗R(Z) E ∼→ R(Z). 
As a consequence of the above proposition, we have the following generalisation of [3, Lemma 4.2] which can be proved
along similar lines.
Corollary 3.4. Let R be a real closed field and let X = Spec(A) be an affine variety of dimension n ≥ 2. Let LX be a R(X)-
projective module of rank 1 and I be an ideal of R(X) of height n such that I/I2 is generated by n elements. Let ωI be a local
LX -orientation. Then, (I, ωI)+ (I,−ωI) = 0 in E(R(X), LX ). Hence, the canonical surjection E(R(X), LX )  E0(R(X), LX ) factors
through E(R(X), LX )/2E(R(X), LX ).
In view of (3.1), to understand the structure of E(A, L), we need to investigate the structure of E(R(X), LX ). When the base
field isR, the following structure theoremhas been proved in [3, Theorem 4.21] in terms of compact, connected components
of X(R).
Theorem 3.5. Let Y = Spec(B) be a smooth affine variety of dimension n ≥ 2 over the field R and let K = ∧n(Ω∗B/R) be
the canonical module of B. Let E be a projective B-module of rank 1. Let W1, . . . ,Wr ,Wr+1, . . . ,Wt be the compact connected
components of Y (R) in the Euclidean topology. Let KWi and EWi denote restriction of (induced) line bundles on Y (R) toWi. Assume
that EWi ' KWi for 1 ≤ i ≤ r and EWi 6' KWi for r + 1 ≤ i ≤ t. Then,
E(R(Y ), E⊗B R(Y )) = G1 ⊕ · · · ⊕ Gr ⊕ Gr+1 ⊕ · · · ⊕ Gt ,
where Gi = Z for 1 ≤ i ≤ r and Gi = Z/(2) for r + 1 ≤ i ≤ t. Moreover, given any m ∈ Wi and an E-orientation ωm, Gi is
generated by (m, ωm) for 1 ≤ i ≤ t.
Using this structure theorem, we now deduce a similar structure theorem when the base field R is an Archimedean real
closed field. Note that every Archimedean field is uniquely order isomorphic to a subfield of R and hence we may assume
that it is actually contained in R.
We begin with some generalities. Let k ↪→ k′ be a field extension. Let X = Spec(A) be an affine variety of dimension
n ≥ 2 over k and let A′ = A⊗k k′, X ′ = Spec(A′). Let Υ be the indexing set for all finite type algebras Cα over k contained in
k′. Then lim−→{α∈Υ } Cα = k′ and hence, A′ = lim−→{α∈Υ } Aα where Aα = A⊗k Cα .
Let L be a projective A-module of rank1 and L′ = L⊗A A′. Since A′ is a ring of dimension nwhich is faithfully flat over A, it is
easy to see that there exist canonical maps E(A, L)→ E(A′, L′) and E0(A, L)→ E0(A′, L′). Moreover, if k and k′ are real closed
fields, then we can extend these maps canonically to maps E(k(X), LX )→ E(k′(X ′), L′X ′) and E0(k(X), LX )→ E0(k′(X ′), L′X ′).
Now, we state a lemma, the proof of which is very easy and hence, we only outline the proof.
Lemma 3.6. Let {Aα | α ∈ Υ } be a direct system of rings. Let A = lim−→{α∈Υ } Aα .
1. Let M be a finitely presented A-module. Then, there exists α ∈ Υ and a finitely presented Aα-module Mα such that
M ∼= Mα ⊗Aα A.
2. Let f : M → N be a homomorphism between two finitely presented A-modules. Then, there exists α ∈ Υ , finitely presented
Aα-modules Mα , Nα and an Aα-homomorphism fα : Mα → Nα such that M ∼= Mα ⊗Aα A, N ∼= Nα ⊗Aα A and
M
f /
o

N
o

Mα ⊗Aα A fα / Nα ⊗Aα A
S.M. Bhatwadekar, Sarang Sane / Journal of Pure and Applied Algebra 213 (2009) 1936–1944 1941
In particular, if f is an epimorphism, then we can choose fα to be an epimorphism.
Proof. Since M is a finitely presented module, there is an exact sequence An h→ Am → M → 0. Then the map h is given
by an m × n matrix H with coefficients in A. Since A = lim−→{α∈Υ } Aα , ∃α ∈ Υ such that the entries of H come from Aα ,
i.e. there is amatrixHα with entries in Aα , whichmaps to the corresponding entries of thematrixH . Let hα : Anα → Amα be the
correspondingmap. LetMα be the cokernel of themap given by Anα
hα→ Amα . Then,Mα is finitely presented andM ∼= Mα ⊗Aα A.
This proves the first part. For the second part, let g be the composite map Am → M f→ N . ChooseMβ and Nβ as in the first
part. Then, one can define a map gβ : Amβ → Nβ so that gβ ⊗Aβ A = g . Then, the composite map gβ ◦ hβ : Anβ → Nβ is such
that gβ ◦ hβ ⊗Aβ A = g ◦ h = 0. Hence, by the property of the direct limit, and since n is finite, there exists α  β such that
gα ◦ hα = (gβ ⊗Aβ Aα) ◦ (hβ ⊗Aβ Aα) = gβ ◦ hβ ⊗Aβ Aα = 0. SinceMα = Mβ ⊗Aβ Aα is the cokernel of hα : Anα → Amα , there is
an induced map fα : Mα → Nα . Clearly, this map satisfies the required property. Further, if f was an epimorphism, then so
is g and so one can choose gβ to be an epimorphism which will make gα and hence fα an epimorphism. Hence, proved. 
Now we work in the following set-up: R is an Archimedean real closed field and X = Spec(A) is a smooth, affine variety
of dimension n ≥ 2 over R. Let B = A⊗R R and let Y = Spec(B). Let L be a rank1 projective A-module and let L′ = L⊗A B.
Note that L′Y = LX ⊗R(X) R(Y ).
Proposition 3.7. The canonical maps E(R(X), LX ) → E(R(Y ), L′Y ) and E0(R(X), LX ) → E0(R(Y ), L′Y ) are isomorphisms. In
particular, E0(R(X), LX ) is a vector space of rank t over the field Z/(2) where t is the number of closed and bounded semi-
algebraically connected semi-algebraic components of X(R).
Proof. We first prove the isomorphism for E(R(X), LX )→ E(R(Y ), L′Y ).
(i) Injectivity: Let J be an ideal of height n in R(X) such that J/J2 is generated by n elements and let ωJ be a surjective
map from F = LX ⊕ R(X)n−1  J/J2 (a local L-orientation). Let I = JR(Y ). Now suppose there is a surjective map
θI : F ⊗R(X) R(Y )  I which is a lift of ωJ ⊗R(X) R(Y ). Then, by Lemma 3.6, there exists an affine R-subalgebra C of R
such that if T = {1+∑pi=1 f 2i | f1, f2, . . . , fp ∈ A⊗R C}, and D = T−1(A⊗R C), then there is a surjection θ : F ⊗R(X) D  JD,
which is a lift of ωJ ⊗R(X) D.
Since R ↪→ C ↪→ R, by (2.5), R is a retract of C and hence, A is a retract of A⊗R C . Let β : A⊗R C → A be an A-algebra
homomorphism which gives rise to this retract. Let SA = {1 +∑pi=1 f 2i | f1, f2, . . . , fp ∈ A}. Since SA ⊂ T and β(T ) = SA,
R(X) ⊂ D and β induces a retraction σ : D  R(X). In view of this, it is easy to see that the map θ ⊗D R(X) is indeed a lift
of ωJ . Thus, the map E(R(X), LX )→ E(R(Y ), L′Y ) is injective.
(ii) Surjectivity: LetW1, . . . ,Wr ,Wr+1, . . . ,Wt be the compact connected components of Y (R) in the Euclidean topology.
Then by (3.5), we get that E(R(Y ), L′Y ) = ⊕ti=1 Gi. Further, given any m ∈ Wi and an L′Y -orientation ωm, Gi is generated by
(m, ωm) for 1 ≤ i ≤ t . Note that by (2.4), ifW is a connected component of Y (R), thenW ∩ X(R) 6= ∅. Hence, there exists
a maximal ideal mi of R(X), such that mi ∈ Wi ∩ X(R). Now we choose any LX -orientation ωi of mi. Then,(mi, ωi)maps to a
generator of Gi. Hence, E(R(X), LX )→ E(R(Y ), L′Y ) is surjective.
Using [2, Theorem 4.10] and (3.5), it is easy to see that the induced map E(R(Y ), L′Y )/2E(R(Y ), L
′
Y )→ E0(R(Y ), L′Y ) is an
isomorphism.
Therefore, the composite map E(R(X), LX )/2E(R(X), LX )→ E0(R(Y ), L′Y ) is an isomorphism. But by (3.4), we know that
this map is actually the composite map E(R(X), LX )/2E(R(X), LX )  E0(R(X), LX )→ E0(R(Y ), L′Y ). Hence, E0(R(X), LX )→
E0(R(Y ), L′Y ) is an isomorphism. Hence, by [2, Theorem 4.10] and (2.4), we see that E0(R(X), LX ) is a vector space of rank t
over the field Z/(2)where t is the number of closed and bounded semi-algebraically connected semi-algebraic components
of X(R). 
Remark 3.8. Let R ↪→ R′ be an extension of real closed fields and let X = Spec(A) be an affine variety over R and let
L be a rank 1 projective A-module. Let A′ = A⊗R R′, X ′ = Spec(A′) and L′ = L⊗A A′. Then the above proof shows that
E(A, L)→ E(A′, L′) and E(R(X), LX )→ E(R′(X ′), L′X ′) are both injective. As a consequence, we have the following result.
Corollary 3.9. Let R be a real closed field and let
B = R[X0, X1, . . . , Xn]/
(
n∑
i=0
X2i − 1
)
denote the coordinate ring of the sphere Sn(R). Assume that n is even. Let Q be a projective B-module corresponding to the tangent
bundle of Sn(R). Then Q does not split off a free summand of rank 1.
Proof. Let K denote the algebraic closure of Q in R. It is easy to see that K is isomorphic to Q¯ ∩ R where Q¯ denotes the
algebraic closure ofQ in C. Let A = K [X0, X1, . . . , Xn]/(∑ni=0 X2i − 1). Let P be the kernel of the map An+1  A sending ei to
X¯i. Then ∧n(P) ' A. Let χ be a generator of ∧n(P).
Note that B = A⊗K R and Q = P ⊗A B. Let χ ′ = χ ⊗A B. To prove the result, it is enough to show that e(Q , χ ′) 6= 0 in
E(B). But since e(Q , χ ′) is the image of e(P, χ) under the injectivemap E(A) ↪→ E(B), it is enough to show that e(P, χ) 6= 0
in E(A). But since K is an Archimedean field, by a result of Kong [8, Theorem 6.1], e(P, χ) 6= 0. 
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We return back to the set-upwewere in, namely that R is an Archimedean real closed field, and X = Spec(A) is a smooth,
affine variety overR. LetW ′1,W
′
2, . . . ,W
′
t be the compact connected components of Y (R). Then, in view of (3.7) and (3.5), we
know that E(R(X), LX ) = ⊕ti=1 Gi where Gi = Z or Gi = Z/(2). LetWi = W ′i ∩ X(R). By (2.4),W1,W2, . . . ,Wt are precisely
the closed and bounded semi-algebraically connected semi-algebraic components of X(R). Let x ∈ Wi and let m be the real
maximal ideal of R(X) corresponding to x. Let ωm be an LX -orientation of m. Let Gi be the cyclic subgroup of E(R(X), LX )
generated by (m, ωm). We denote by Li the semi-algebraic line bundle onWi induced by LX and by L′i , the semi-algebraic
line bundle on W ′i induced by L
′
Y . Now we prove some results which give us a criterion to determine whether Gi = Z or
Gi = Z/(2) in terms of the semi-algebraic line bundleLi. We start with a lemma in this direction.
Lemma 3.10. Let V be a semi-algebraically connected semi-algebraic set and let pi : E → V be a semi-algebraic line bundle.
Then, E∗ = E \{zero section} has 2 semi-algebraically connected semi-algebraic components if and only if E is semi-algebraically
trivial.
Proof. If E is semi-algebraically trivial, it is clear that E∗ = E \ {zero section} has two semi-algebraically connected semi-
algebraic components. We now prove the other part.
In view of [4, Lemma 12.7.3], it is easy to see that every semi-algebraic vector bundle comes equipped with a continuous,
semi-algebraic map E ⊕ E b→ R (called a Riemannian metric) such that restricted to each fibre, it is an inner product. Let θ
be the composite map E
∆→ E ⊕ E b→ R induced through the diagonal. Then, E∗ = θ−1(0,∞). Let E∗ = U1 unionsqU2,U1 6=
φ,U2 6= φ, whereU1 andU2 are semi-algebraic open subsets.
Step 1: We shall prove that for every fibre the intersection with U1 and U2 is non-empty. Let V1 = {x ∈ V : U1 ∩ E x 6=
φ,U2 ∩ E x 6= φ} = pi(U1) ∩ pi(U2) V2 = {x ∈ V : U1 ∩ E x = φ} = {x ∈ V : E∗x ⊆ U2} = pi(U2) ∩ (pi(U1))c and
V3 = {x ∈ V : U2 ∩ E x = φ} = {x ∈ X : E∗x ⊆ U1} = pi(U1) ∩ (pi(U2))c .
Since a line bundle is locally trivial, all the three sets are clearly open in V . Since pi is semi-algebraic, these sets are also
semi-algebraic. Again, they are clearly disjoint and span V . Since X is semi-algebraically connected, V = Vi for some i. If
V = V2, then E∗x ⊆ U2 ∀x ∈ V ⇒ E∗ = U2 ⇒ U1 = φ which is a contradiction. Hence, V 6= V2. Similarly, V 6= V3. Hence,
V = V1. Therefore, given x ∈ V , U1 ∩ E x 6= φ and U2 ∩ E x 6= φ. But E∗x has exactly two semi-algebraically connected
components. Therefore, they are exactlyU1 ∩ E x andU2 ∩ E x.
Step 2: We will now define a section. Let x ∈ V and restrict θ to E x. This is the square of a norm on the one-dimensional
vector space over R. Therefore, there exist two elements of E x such that their evaluation under θ is 1. Further, if one of them
is t , then the other is−t . From step 1, exactly one of these elements lies inU1. In other words, θ−1(1)∩E x∩U1 is a singleton
set. Define the map ψ : V → E∗ sending x to the element of θ−1(1) ∩ E x ∩U1.
Step 3: We will now show that ψ is continuous and semi-algebraic. We first note that there is a finite, open, semi-
algebraically connected, semi-algebraic covering of our base space V such that the bundle is trivial on them. Then, it is
enough to prove that for each such open set U , ψ |U is continuous and semi-algebraic.
Let U be one of the open sets in the cover and let α be a local trivialization of E over U , i.e.
U × R
p
"D
DD
DD
DD
DD
α / pi−1(U)
pi
|xx
xx
xx
xx
x
U
Now, note that pi−1(U) ∩ E∗ has exactly two semi-algebraically connected components, pi−1(U) ∩ U1 and pi−1(U) ∩ U2
which correspond to U × R+ and U × R− through α. W.l.g. we can always assume that U × R+ ∼→ pi−1(U) ∩U1 (else we
choose−α). Then, it is enough to prove the composite
U
ψ→ pi−1(U) ∩U1
α−1∼→ U × R+
is continuous and semi-algebraic. Let w ∈ U . Consider θ(α(w, 1)) = r(w) > 0. Then r is a continuous, semi-algebraic
function on U . Therefore, we get
1
r(w)
θ(α(w, 1)) = 1⇒ θ
(
1√
r(w)
α(w, 1)
)
= 1⇒ θ
(
α
(
w,
1√
r(w)
))
= 1.
⇒ α
(
w,
1√
r(w)
)
∈ θ−1(1) ∩ E x ∩U1
⇒ ψ(w) = α
(
w,
1√
r(w)
)
⇒ α−1(ψ(w)) =
(
w,
1√
r(w)
)
.
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Hence, we are reduced to showing that w 7→ (w, 1√
r(w)
) is continuous and semi-algebraic. But this is true since r was a
continuous, non-zero, semi-algebraic function. Hence, we are done. 
Let KA = ∧n(Ω∗A/R) and KB = ∧n(Ω∗B/R). We denote byKi the semi-algebraic line bundle onWi induced by KA and byK ′i ,
the semi-algebraic line bundle onW ′i induced by KB.
Lemma 3.11. Li ' Ki if and only if L′i ' K ′i .
Proof. Let E = L⊗A KA and E ′ = L′⊗B KB. Let E be the line bundle on X(R) corresponding to E and E ′ be the line bundle on
Y (R) corresponding to E ′. Let E i be the restriction of E toWi and E ′i be the restriction of E ′ toW
′
i . Then E i = Li ⊗Ki and
E ′i = L′i⊗K ′i . In view of (3.3), it is enough to prove that E i is semi-algebraically trivial if and only if E ′i is trivial. We proceed
to show this.
Note first that inR, semi-algebraic triviality of a semi-algebraic line bundle is same as topological triviality (Remark 2.4).
Without loss of generality, let E i be semi-algebraically trivial if and only if 1 ≤ i ≤ q. Then, by Lemma 3.10, E i∗ has only
one semi-algebraically connected semi-algebraic component when sq + 1 ≤ i ≤ s and 2 components otherwise. Thus,
E∗ has exactly 2q + (s − q) semi-algebraically connected components. But then using Remark 2.4, we know that E ′∗ has
exactly the same number of connected components. But E i is semi-algebraically trivial implies that E ′i is trivial. Hence,
E ′1, E
′
2, . . . , E
′
q are all trivial and so each of E
′
1
∗
, E ′2
∗
, . . . , E ′q
∗ has 2 connected components. Thus, E ′i
∗ must have a single
connected component for q+ 1 ≤ i ≤ s and so E ′i must be non-trivial. Hence, we see that E ′i is trivial whenever E i is trivial
and E ′i is non-trivial whenever E i is non-trivial. Therefore, the lemma stands proved. 
Now, using (3.7) and (3.11), we clearly obtain a structure theorem for the Euler class group E(R(X), LX ), which is very
similar to (3.5), viz.
Theorem 3.12. Let R be an Archimedean real closed field. Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2
over R and let K = ∧n(Ω∗A/R) be the canonical module of A. Let L be a projective A-module of rank 1 and LX = L⊗A R(X).
Let W1, . . . ,Wr ,Wr+1, . . . ,Wt be the closed and bounded semi-algebraically connected components of X(R) in the Euclidean
topology. Let KWi and LWi denote restriction of (induced) line bundles on X(R) to Wi. Assume that LWi ' KWi for 1 ≤ i ≤ r and
LWi 6' KWi for r + 1 ≤ i ≤ t. Then,
E(R(X), LX ) = G1 ⊕ · · · ⊕ Gr ⊕ Gr+1 ⊕ · · · ⊕ Gt ,
where Gi = Z for 1 ≤ i ≤ r and Gi = Z/(2) for r + 1 ≤ i ≤ t.
Moreover, for 1 ≤ i ≤ t, if x ∈ Wi and m is a maximal ideal of R(X) corresponding to x, then Gi is generated by (m, ωm) for
any local LX -orientation ωm of m.
Remark 3.13. A special case of the above theorem, namely L = K has already been proved by Ian Robertson [9, Theorem
12.6].
4. Main theorem
In this section, we prove the main theorem (Theorem 1.1). We first recall our set-up and some notations. Let R denote
an Archimedean real closed field and let R¯ denote the algebraic closure of R in C. Let X = Spec(A) be a smooth affine
variety of dimension n ≥ 2 over R. Let AR¯ = A⊗R R¯ and X¯ = Spec(AR¯). Let pi : X¯ → X be the canonical map and
pi∗ : CH0(X¯)→ CH0(X). Let G = pi∗(CH0(X¯)). Let L be a rank 1 projective A-module.
Let ΓL : E(A, L)  E(R(X), LX ) and ER¯(L) = ker(ΓL). LetΘL denote the map E(A, L)  CH0(X). Recall thatΘL(ER¯(L)) ⊆ G
and in fact by (3.1),ΘL|ER¯(L) : ER¯(L)→ G is an isomorphism. For the sake of convenience, we denoteΘL|ER¯(L) by ΨL. Keeping
this notation in mind, we have the following commutative diagram:
Lemma 4.1. ker(ΦL) (' ker(ΘL)) is a free abelian group.
Proof. By a result of Colliot–Thélène and Scheiderer [10, Theorem1.3(d)], the group CH0(X)/G is a vector space of dimension
t over the fieldZ/(2)where t is the number of closed and bounded semi-algebraically connected semi-algebraic components
of X(R). Therefore, 2E(R(X), LX ) is contained in ker(ΦL). But by (3.7), E(R(X), LX )/2E(R(X), LX ) is itself a vector space of
dimension t over Z/(2). Therefore, ker(ΦL) = 2E(R(X), LX )which is a free abelian group. 
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Lemma 4.2. The canonical map E0(A, L)  CH0(X) is an isomorphism.
Proof. Similar to the above diagram, we have another commutative diagram as follows:
Note that the map ER¯(L) → G factors through E0R¯(L) and the map ER¯(L) → E0R¯(L) is surjective. Hence, the induced
map ER¯(L)  E0R¯(L) is an isomorphism and therefore, ER¯(L) → G is also an isomorphism. Now, (3.7) and the result of
Colliot–Thélène and Scheiderer [10, Theorem 1.3(d)] imply that E0(R(X), LX ) and CH0(X)/G are vector spaces over Z/(2) of
the same dimension. Hence, the map E0(R(X), LX )  CH0(X)/G is an isomorphism. Then, using the 5-lemma in the above
diagram, we see that E0(A, L)  CH0(X) is an isomorphism. 
Theorem 4.3. Let R be an Archimedean real closed field. Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2 over R.
Let X(R) denote the R-rational points of the variety. Let K denote the canonical module∧n(Ω∗A/R). Let P be a projective A-module
of rank n and let ∧n(P) = L. Assume that Cn(P) = 0 in CH0(X). Then P ' A⊕ Q in the following cases:
1. X(R) has no closed and bounded semi-algebraically connected component.
2. For every closed and bounded semi-algebraically connected component W of X(R), LW 6' KW where KW and LW denote
restriction of (induced) line bundles on X(R) to W.
3. n is odd.
Moreover, if n is even and L is a rank 1 projective A-module such that there exists a closed and bounded semi-algebraically
connected component W of X(R)with the property that LW ' KW , then there exists a projective A-module P of rank n such that
P ⊕ A ' L⊕ An−1 ⊕ A (hence Cn(P) = 0) but P does not have a free summand of rank 1.
Though the proof of the above is same as the proof of [3, Theorem 4.30], we repeat the arguments to make the paper
self-contained.
Proof. Let P be a projective A-module of rank n with ∧n(P) ' L and let χ : L → ∧n(P) be an L-orientation of P . Then,
ΘL(e(P, χ)) = Cn(P). In view of (2.11), to prove the theorem, it is enough to prove that Cn(P) = 0 ⇒ e(P, χ) = 0 in all
three cases.
Proof of 1 and 2. Note that in this case, by the structure theorem of E(R(X), LX ), ΦL is an isomorphism and hence, ΘL is
an isomorphism.
Proof of 3. When n is odd, there is an automorphism ∆ of P with determinant −1. Let α : P  I where I is an ideal of
height n. Let ωI be a local L-orientation of I induced by α. Using this and∆, we get that 2e(P, χ) = (I, ωI)+ (I,−ωI). Since
the canonical map E0(A, L)  CH0(X) is an isomorphism by (4.2) and (I) 7→ Cn(P), we have (I) = 0 in E0(A, L). Therefore,
by [3, Proposition 3.7], 2e(P, χ) = (I, ωI)+ (I,−ωI) = 0. Since Cn(P) = 0, e(P, χ) ∈ ker(ΘL), which is a free abelian group
by (4.1). Hence, e(P, χ) = 0.
Finally, let n be even, and LW ' KW for some closed and bounded semi-algebraically connected componentW . Then, by
our assumption, (3.7) and (4.1), ker(ΘL) ' ker(ΦL) 6= 0. Since E0(A, L)→ CH0(X) is an isomorphism, by abuse of notation,
we denote the canonical map E(A, L) → E0(A, L) by ΘL. Then, as in [2, Lemma 3.3], there exists an ideal J of height n such
that J is a surjective image of L ⊕ An−1 and a local L-orientation ωJ which is not a global orientation, i.e. (J, ωJ) 6= 0 in
E(A, L). Since n is even, as in [2, Lemma 3.6], we can get a rank n projective module P , which is stably isomorphic to L⊕An−1
(i.e. P ⊕ A ' L ⊕ An−1 ⊕ A) and χ : L → ∧n(P) such that e(P, χ) = (I, ωI) 6= 0 in E(A, L). Note that since P is stably
isomorphic to L ⊕ An−1, Cn(P) = 0 but e(P, χ) 6= 0 and hence, by [5, Corollary 4.4], P 6' Q ⊕ A. This completes the proof.

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